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ABSTRACT
This paper examines the effect of reduced transaction costs in the international trading of
assets on the ability of governments to issue debt.  We examine a model in which governments care
about the welfare of their citizens, and thus are more inclined to default if a large proportion of their
debt is held by foreigners.  Reductions in transaction costs make it easier for domestic citizens to
share risk by selling debt to foreigners.  This may increase tendencies for governments to default,
and thus raise their cost of credit and reduce welfare.  We find that even in the absence of transaction
costs, home bias in placement of government debt may persist, because in the presence of default
risk the return on government debt is correlated with the tax burden required to pay the debt.  Asset
inequality may reduce this home bias, and by increasing foreign ownership, increase incentives for
default.  Finally, if foreign creditors are less risk averse than domestic creditors, there may be one
equilibrium in which domestic creditors hold the asset and default risk is low, and another in which
foreign creditors hold the asset and default risk is high.
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Wklv sdshu h{dplqhv wkh hhfw ri uhgxfhg wudqvdfwlrq frvwv lq wkh lqwhuqd0
wlrqdo wudglqj ri dvvhwv rq wkh delolw| ri jryhuqphqwv wr lvvxh ghew1
Wkh vlpsohvw sruwirolr wkhrulhv vxjjhvw wkdw lqyhvwruv vkrxog ixoo| glyhu0
vli| joredoo|1 Lq idfw/ krzhyhu/ dvvhwv duh glvsursrwlrqdwho| khog grphvwlfdoo|/
shukdsv gxh wr dv|pphwulhv ri lqirupdwlrq ru wudqvdfwlrq frvwv ehwzhhq gr0
phvwlf dqg iruhljq lqyhvwruv1 Wkhuh lv/ krzhyhu/ d zlghvsuhdg ylhz wkdw
wudqvdfwlrq frvwv duh idoolqj/ gxh erwk wr whfkqrorjlfdo fkdqjhv/ vxfk dv lq0
wurgxfwlrq ri wkh lqwhuqhw/ dqg wr srolf| fkdqjhv/ vxfk dv wkh uhod{dwlrq ri
uxohv olplwlqj iruhljq lqyhvwphqw e| shqvlrq ixqgv1 Lq idfw/ wkh Ihogvwhlq dqg
Krulrnd +4<;3, qglqj rq wkh qhdu devhqfh ri qhw fdslwdo  rzv dprqj frxq0
wulhv vhhpv wr eh zhdnhqlqj +Ihogvwhlq dqg Edffkhwwd/ 4<;<> Iudqnho/ 4<<6,1
Wklv wuhqg surpswv wkh k|srwkhwlfdo txhvwlrq= li wudqvdfwlrq frvwv frqwlqxh
wr idoo/ dqg fdslwdo pdunhwv ehfrph pruh ixoo| lqwhjudwhg/ zkdw zloo kdsshq
wr wkh delolw| ri jryhuqphqwv wr lvvxh ghew/ dqg wr krph eldvB
Vwdqgdug dqdo|vlv vxjjhvwv wkdw hqodujlqj wkh qxpehu ri sduwlflsdqwv dqg
uhgxflqj wudqvdfwlrq frvwv lq pdunhwv iru vryhuhljq ghew vkrxog lpsuryh zho0
iduh iru ghewru qdwlrqv= d odujhu srro ri fuhglwruv idflqj orzhu wudqvdfwlrq
frvwv zloo elg xs wkh sulfh ri d frxqwu|*v ghew dqg lpsuryh lwv jryhuqphqw*v
whupv ri fuhglw1 Wkxv/ li X1V1 lqyhvwruv qg lw hdvlhu wr ex| Mdsdqhvh ghew/
wklv vkrxog pdnh wkh Mdsdqhvh ehwwhu r1
Wklv sdshu dujxhv/ krzhyhu/ wkdw li d jryhuqphqw idfhv glhuhqw jurxsv ri
srwhqwldo fuhglwruv/ dqg lwv delolw| wr frpplw wr uhsd| lwv ghew ydulhv dfurvv
wkrvh jurxsv/ wkhq pdunhw h{fkdqjhv ri ghew ehwzhhq wkh jurxsv pd| pdnh
lw pruh gl!fxow iru wkh jryhuqphqw wr frpplw wr uhsd|1 Wkxv/ uhgxfwlrq ri
wudqvdfwlrq frvwv lq dvvhw pdunhwv pd|/ sdudgr{lfdoo|/ uhgxfh d jryhuqphqw*v
delolw| wr frpplw wr uhsd| lwv ghew/ zruvhq lwv whupv ri fuhglw/ dqg uhgxfh
lwv zhoiduh1 Rxu prgho dovr vxjjhvwv wkdw hyhq lq wkh devhqfh ri wudqvdfwlrq
frvwv/ krph eldv pd| vwloo shuvlvw/ exw wkdw lqfuhdvhg grphvwlf lqhtxdolw|
glplqlvkhv krph eldv dqg ohdgv wr juhdwhu iruhljq rzqhuvkls ri jryhuqphqw
ghew1 Ilqdoo|/ li wkh jryhuqphqw*v frpplwphqw wr uhsd| lv zhdnhu wrzdugv lwv
pruh ulvn0wrohudqw fuhglwruv/ zh vkrz wkdw wkhuh pd| eh pxowlsoh htxloleuld
lq wkh pdunhw iru jryhuqphqw ghew1
Wr vhh doo ri wklv/ vxssrvh wkdw d jryhuqphqw zklfk lvvxhv ghew fdq odwhu
ghidxow/ exw wkdw ghidxow lv frvwo|1 Iru h{dpsoh/ ghidxow pljkw eh wkurxjk
lq dwlrq li wkh ghew lv ghqrplqdwhg lq grphvwlf fxuuhqf|1 Vxssrvh ixuwkhu
wkdw wkhuh duh wzr fodvvhv ri srwhqwldo fuhglwruv= idyruhg fuhglwruv/ wr zkrp
5wkh jryhuqphqw grhv qrw olnh wr ghidxow/ dqg glvidyruhg fuhglwruv/ wr zkrp
wkh jryhuqphqw lv pruh zloolqj wr ghidxow1 Iru h{dpsoh/ wkh jryhuqphqw
pljkw qrw olnh ghidxowlqj wr grphvwlf uhvlghqwv/ exw qrw plqg ghidxowlqj wr
iruhljq uhvlghqwv> ru lw pljkw qrw olnh ghidxowlqj wr grphvwlf uhvlghqwv iurp
wkh pdmrulw| hwkqlf jurxs/ exw qrw plqg ghidxowlqj wr uhvlghqw plqrulwlhv1
Zh dovr dvvxph wkdw wkh jryhuqphqw fdqqrw vhohfwlyho| ghidxow rqo| wr
rqh jurxs1 Li d pdunhw h{lvwv vr wkdw uhvdoh ri wkh ghew fdqqrw eh frqwuroohg/
lw zloo qrw eh srvvleoh wr sd| rqo| rqh fodvv ri fuhglwruv= li wkh jryhuqphqw
dqqrxqfhv/ iru lqvwdqfh/ wkdw lw zloo qrw sd| lwv ghew reoljdwlrqv wr iruhljq
fodlpdqwv/ wkhq iruhljq erqgkroghuv fdq mxvw vhoo wkhlu erqgv wr grphvwlf
uhvlghqwv1 Zlwk d frpshwlwlyh pdunhw/ iruhljq erqgkroghuv zloo uhfhlyh iurp
grphvwlf ex|huv h{dfwo| wkh dprxqw ri ghew uhsd|phqw wkdw d grphvwlf erqg0
kroghu fdq h{shfw wr uhfhlyh iurp wkh jryhuqphqw1 Khqfh/ zh wdnh wkh sure0
delolw| ri ghidxow ru/ lq wkh fdvh ri qrplqdo ghew/ wdujhw lq dwlrq/ wr eh dq
lqfuhdvlqj ixqfwlrq ri wkh dprxqw ri ghew khog e| glvidyruhg fuhglwruv1
Lq wklv hqylurqphqw/ idyruhg fuhglwruv zkr vhoo vrph ri wkh dvvhw wr glvid0
yruhg fuhglwruv lqfuhdvh wkh dprxqw ri ghew khog e| wkh glvidyruhg jurxs dqg
uhgxfh dffruglqjo| wkh ydoxh ri wkh dvvhw wr doo fuhglwruv +h1j1/ e| lqfuhdvlqj
wkh suredelolw| ri ghidxow ru e| lqfuhdvlqj wdujhw lq dwlrq,1 Wkh uhgxfwlrq
lq dvvhw ydoxh gxh wr d vdoh ri ghew iurp dq lqglylgxdo idyruhg fuhglwru wr dq
lqglylgxdo glvidyruhg fuhglwru lv plqlvfxoh/ vr lqglylgxdov zloo qrw lqwhuqdol}h
wklv hhfw/ dqg khqfh kroglqjv zloo eh ghwhuplqhg e| sruwirolr glyhuvlfdwlrq
frqvlghudwlrqv1 Dvvxplqj wkdw wkh uhwxuq rq jryhuqphqw ghew lv vwrfkdv0
wlf dqg lpshuihfwo| fruuhodwhg zlwk rwkhu dvvhwv/ sruwirolr frqvlghudwlrqv zloo
pdnh lw lqglylgxdoo| rswlpdo iru glvidyruhg fuhglwruv wr krog vrph jryhuq0
phqw ghew/ hyhq wkrxjk doo fuhglwruv ehdu dq xqfrpshqvdwhg uhgxfwlrq lq
dvvhw ydoxh dv d uhvxow ri vdohv wr glvidyruhg fuhglwruv1 Lq d udwlrqdo h{shfwd0
wlrqv htxloleulxp/ fuhglwruv zloo dffrxqw h{ dqwh iru wkhvh vdohv zkhq pdnlqj
wkhlu sruwirolr ghflvlrqv/ dqg wkh jryhuqphqw zloo kdyh wr sd| pruh iru fuhglw1
Wkh jryhuqphqw zrxog suhihu wr vhoo d vpdoohu sursruwlrq ri wkh dvvhw wr wkh
glvidyruhg jurxs/ wr uhgxfh wkh suredelolw| ri frvwo| ghidxow dqg lpsuryh lwv
whupv ri fuhglw/ dqg lw pljkw wkhuhiruh qg lw ghvludeoh wr uhgxfh wkh oltxlg0
lw| ri wkh dvvhw wr suhyhqw lwv vdoh wr glvidyruhg fuhglwruv1 Jryhuqphqwv gr/
iru lqvwdqfh/ lvvxh ghew ghqrplqdwhg lq grphvwlf fxuuhqf| wr pdnh lw pruh
dwwudfwlyh wr grphvwlf fuhglwruv wkdq iruhljq rqhv/ dqg lvvxh vdylqjv erqgv
zklfk duh qrqwudqvihudeoh ru gl!fxow wr wudqvihu1
Li grphvwlf fuhglwruv duh idyruhg ryhu iruhljq fuhglwruv/ wklv prgho dovr
vxjjhvwv wkdw grphvwlf uhvlghqwv zloo eh pruh olnho| wr rzq jryhuqphqw ghew
6hyhq lq wkh devhqfh ri dq| wudqvdfwlrq frvwv1 Wklv lv ehfdxvh wkh uhdo uhwxuq
rq jryhuqphqw ghew dqg wkh uhdo wd{ exughq duh qhjdwlyho| fruuhodwhg/ vlqfh
ghidxow rq wkh ghew uhgxfhv wkh wd{ exughq uhtxluhg wr sd| wkh ghew1 Frq0
vhtxhqwo|/ li doo grphvwlf djhqwv duh lghqwlfdo/ zh qg wkdw lq rxu prgho/ doo
ghew lv khog e| grphvwlf uhvlghqwv1 Lq wkh pruh uhdolvwlf fdvh lq zklfk grphv0
wlf uhvlghqwv duh khwhurjhqhrxv/ dqg wkh wd{ exughq ri lqglylgxdo grphvwlf
djhqwv lv qrw sursruwlrqdo wr wkhlu kroglqjv ri jryhuqphqw ghew/ rswlpdo sruw0
irolr vhohfwlrq uhtxluhv iruhljqhuv wr krog vrph jryhuqphqw ghew1 Wkh udwlr
ri dvvhwv wr wd{ exughq ydulhv dfurvv lqglylgxdov vlqfh dvvhwv whqg wr eh pruh
frqfhqwudwhg wkdq lqfrph/ dqg wd{hv whqg wr eh ohylhg sulpdulo| rq lqfrph1
Ehfdxvh wkh jryhuqphqw*v ghidxow ghflvlrq lv edvhg rq lwv dprxqw ri iruhljq
lqghewhgqhvv/ rxu prgho vxjjhvwv wkdw/ kroglqj frqvwdqw wkh wd{ vfkhgxoh/
juhdwhu dvvhw lqhtxdolw| ohdgv wr juhdwhu iruhljq rzqhuvkls ri ghew/ dqg wkxv
wr lq dwlrqdu| ghidxow1 Wklv pd| eh uhohydqw wr Odwlq Dphulfd1
Ilqdoo|/ wklv sdshu vkrzv wkdw zkhq fuhglwruv* zloolqjqhvv wr ehdu ulvn
lqfuhdvhv lq wkhlu zhdowk/ wkhuh pd| eh pxowlsoh htxloleuld1 Zh suhvhqw d
prgho lq zklfk iruhljq fuhglwruv duh glvidyruhg dqg idfh vrph wudqvdfwlrq frvw
lq sxufkdvlqj ghew/ exw kdyh juhdwhu zhdowk +dqg khqfh orzhu ulvn dyhuvlrq,
wkdq grphvwlf fuhglwruv1 Ehfdxvh iruhljqhuv duh pruh zloolqj wr ehdu ulvn wkdq
grphvwlf fuhglwruv/ dqg wkh jryhuqphqw lv pruh olnho| wr ghidxow wkh juhdwhu lv
lwv iruhljq lqghewhgqhvv/ wkhuh pd| eh pxowlsoh htxloleuld1 Lq sduwlfxodu/ wkhuh
lv d grphvwlf rzqhuvkls htxloleulxp/ lq zklfk doo ghew lv khog grphvwlfdoo|
dqg wkh ghidxow ulvn dqg frvw ri fuhglw duh wkhuhiruh orz1 Wkhuh lv dovr d
iruhljq rzqhuvkls htxloleulxp/ lq zklfk iruhljq fuhglwruv krog vrph srvlwlyh
sursruwlrq ri jryhuqphqw ghew dqg wkh ghidxow ulvn dqg frvw ri fuhglw duh
fruuhvsrqglqjo| kljkhu1
Wkhuh lv klvwrulfdo hylghqfh wkdw wkh uhsd|phqw ghflvlrqv ri vryhuhljq
ghewruv duh frqglwlrqhg rq wkh lghqwlw| ri wkhlu fuhglwruv1 Iru lqvwdqfh/ d odujh
dprxqw ri grphvwlf0fxuuhqf|0ghqrplqdwhg iruhljq ghew eruqh e| d jryhuq0
phqw lv vdlg wr udlvh vxvslflrqv wkdw wkh jryhuqphqw zloo sxuvxh lq dwlrqdu|
srolflhv1 Wkxv/ vshfxodwlyh dwwdfnv djdlqvw wkh Iuhqfk iudqf lq wkh 4<53v kdyh
ehhq eodphg rq h{shfwdwlrqv wkdw wkh jryhuqphqw zrxog wu| wr lq dwh dzd|
lwv iruhljq ghew reoljdwlrq iurp Zruog Zdu L1
Uhodwhg Olwhudwxuh
Gud}hq +4<<;, suhvhqwv d srolwlfdo prgho ri wkh doorfdwlrq ri ghew dprqj
grphvwlf dqg iruhljq fuhglwruv1 Klv prgho uhvwv rq wkh suhplvh wkdw wkh
jryhuqphqw*v ghflvlrq wr uhsxgldwh ru uhqhjrwldwh lwv ghew ghshqgv rq wkh
7lghqwlw| ri lwv fodlpdqwv wkurxjk wkh glhuhqw srolwlfdo uljkwv wkh| hqmr| dqg
wkh sxqlvkphqwv wkh| fdq h{dfw li wkh jryhuqphqw idlov wr phhw lwv reoljdwlrqv1
Rxu prgho vkduhv zlwk klv wkh vhqvlwlylw| ri wkh jryhuqphqw*v uhsd|phqw gh0
flvlrq wr wkh lghqwlw| ri lw fodlpdqwv1 Gud}hq*v prgho/ krzhyhu/ dvvxphv wkdw
jryhuqphqwv kdyh frqwuro ryhu zkhwkhu ghew lv khog grphvwlfdoo| ru deurdg/
vr wkdw klv prgho lv rqh ri vhjphqwhg pdunhwv lq zklfk wkh jryhuqphqw dfwv
dv d glvfulplqdwlqj prqrsvrqlvw lq sodflqj lwv ghew/ dqg lq zklfk lw fdq
vhohfwlyho| uhsxgldwh rqh fodvv ri lwv reoljdwlrqv +l1h1/ grphvwlf ru iruhljq,1
Wklv sdshu frqvlghuv d qrq0vhjphqwhg pdunhw iru vryhuhljq ghew lq zklfk
grphvwlf dqg iruhljq fuhglwruv fdq wudgh jryhuqphqw fodlpv dqg lq zklfk/
wkhuhiruh/ wkhuh lv qr srvvlelolw| ri vhohfwlyh ghidxow1
Dowkrxjk rxu prgho lv ghvfulehg lq whupv ri vryhuhljq ghew/ wkh dqdo|0
vlv pd| kdyh lpsolfdwlrqv iru d eurdghu udqjh ri vlwxdwlrqv1 Iru lqvwdqfh/ li
iruhljq djhqwv fdq lqvxuh grphvwlf djhqwv djdlqvw  xfwxdwlrqv lq JQS/ wklv
fdq uhgxfh wkh jryhuqphqw*v lqfhqwlyh wr lqfuhdvh lqfrph1 Vkloohu +4<<8,/ lq
idfw/ hvwlpdwhv wkh ydoxh ri d fodlp wr d frxqwu|*v ixwxuh JGS  rzv/ dqg
surprwhv wkh fuhdwlrq ri vxfk vhfxulwlhv wr lqvxuh djdlqvw ulvn lq qdwlrqdo
lqfrph1 Dv Revwihog dqg Urjr +4<<9, srlqw rxw/ krzhyhu/ wkh ghvludelolw|
ri vxfk vhfxulwlhv lv xqghuplqhg e| wkh prudo kd}dug wklv lqvxudqfh zrxog
jhqhudwh1 Olnhzlvh/ Fdoyr +iruwkfrplqj, rhuv d prgho zklfk vkrzv wkdw lw
pd| eh rswlpdo/ lq whupv ri h{ dqwh grphvwlf zhoiduh/ qrw wr kdyh d pdunhw
iru lqvxudqfh djdlqvw qdwlrqdo lqfrph ulvn1 Lq Fdoyr*v prgho/ wkh jryhuqphqw
lpsohphqwv d uhirup +vxfk dv wudgh olehudol}dwlrq ru dq rxwsxw0hqkdqflqj uh0
irup,/ exw lwv frpplwphqw qrw wr uhyhuvh wkh uhirup lq wkh qh{w shulrg lv qrw
shuihfwo| fuhgleoh1 Uhirup/ pruhryhu/ lv frvwo|1 Lq wklv fdvh/ wkh h{lvwhqfh
ri d pdunhw iru vwdwh0frqwlqjhqw frqwudfwv zklfk fdq lqvxuh grphvwlf djhqwv
djdlqvw glvfrqwlqxdwlrq ri wkh uhirup fdq uhpryh wkh jryhuqphqw*v lqfhqwlyh
wr fduu| rxw wkh uhirup1 Grphvwlf zhoiduh zrxog wkhq eh lpsuryhg lq wkh de0
vhqfh ri vxfk d pdunhw1 Rxu sdshu glhuv iurp Fdoyr*v lq h{dplqlqj vryhuhljq
ghew pdunhwv/ udwkhu wkdq pdunhwv iru lqvxudqfh djdlqvw glvfrqwlqxdwlrq ri
uhirup1Zh dovr ghulyh lpsolfdwlrqv ri vhfrqgdu| vryhuhljq ghew pdunhwv iru
krph eldv/ frqvlghu wkh zhoiduh frqvhtxhqfhv ri glhuhqw ghjuhhv ri iulfwlrq
lq lqwhuqdwlrqdo ghew pdunhwv/ dqg vkrz wkh srvvlelolw| ri pxowlsoh htxlole0
uld lq wkh sodfhphqw ri vryhuhljq ghew1 Lq dgglwlrq/ zkloh Fdoyr*v prgho
irfxvhv rq vrfldo zhoiduh rswlpl}dwlrq lq wkh suhvhqfh ri lqvxudqfh surylvlrq
e| ulvn0qhxwudo iruhljq djhqwv/ rxu prgho frqvlghuv wkh zhoiduh lpsolfdwlrqv
ri lqglylgxdo xwlolw| rswlpl}dwlrq/ zkhuh lqvxudqfh uhvxowv iurp wkh rswlpdo
sruwirolr ghflvlrqv ri lqglylgxdo ulvn0dyhuvh grphvwlf dqg iruhljq djhqwv1
8Wkh uhpdlqghu ri wklv sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5 zh
suhvhqw d sduwldo htxloleulxp prgho ri jryhuqphqw ghew dqg vkrz wkdw hq0
odujlqj wkh srro ri glvidyruhg iruhljq fuhglwruv fdq zruvhq wkh jryhuqphqw*v
whupv ri fuhglw li lwv frvw ri ghidxow lv vx!flhqwo| orz1 Lq Vhfwlrq 6/ zh
vkrz wkdw uhgxfwlrqv lq wkh wudqvdfwlrq frvwv dvvrfldwhg zlwk iruhljq sodfh0
phqw dqg sxufkdvh ri wkh jryhuqphqw ghew fdq dovr zruvhq wkh jryhuqphqw*v
whupv ri fuhglw1 Lq Vhfwlrq 7/ zh h{whqg wkh prgho wr d jhqhudo htxloleulxp
vhwwlqj lq zklfk wkh ghew lv uhsdlg wkurxjk wd{hv1 Zh qg wkdw wkh sduwldo
htxloleulxp uhvxowv frqwlqxh wr krog/ dqg pruhryhu/ wkdw uhgxfwlrqv lq wudqv0
dfwlrq frvwv fdq zruvhq ryhudoo vrfldo zhoiduh1 Zh dovr qg wkdw krph eldv
fdq shuvlvw hyhq lq wkh devhqfh ri wudqvdfwlrq frvwv1 Vhfwlrq 8 vkrzv wkdw
wkh jryhuqphqw*v whupv ri fuhglw pd| uvw lpsuryh/ dqg wkhq vxevhtxhqwo|
ghwhulrudwh/ dv wudqvdfwlrq frvwv idoo/ vr wkdw wkhuh pd| eh dq rswlpdo ohyho ri
wudqvdfwlrq frvwv1 Vhfwlrq 8 dovr ghprqvwudwhv wkdw pxowlsoh htxloleuld pd|
h{lvw zkhq glvidyruhg fuhglwruv duh ohvv ulvn dyhuvh wkdq idyruhg fuhglwruv1
Zh vkrxog qrwh wkdw rxu prgho lq Vhfwlrqv 5 wkurxjk 7 lv zulwwhq lq whupv
ri grphvwlf0fxuuhqf|0ghqrplqdwhg ghew/ zlwk ghidxow rffxulqj wkurxjk lq d0
wlrq1 Dw wkh hqg ri Vhfwlrq 5/ zh ghvfuleh krz wkh dujxphqw ri wkhvh vhfwlrqv
fdq eh h{whqghg wr ghew ghqrplqdwhg lq iruhljq fxuuhqf|/ dqg lq Vhfwlrq 8 zh
suhvhqw d prgho lq zklfk ghew lv uhdo dqg ghidxow lv wkurxjk rxwuljkw uhsxgl0
dwlrq1 Lq rxu uhpdunv lq Vhfwlrq 9/ zh ghvfuleh d prgho ri h{fkdqjh0udwh ulvn
wr prwlydwh wkh ghqrplqdwlrq ri ghew lq grphvwlf fxuuhqf|/ dqg wr pdwfk
wkh hpslulfdo revhuydwlrq wkdw vrph jryhuqphqwv vhhp dw ohdvw dv zloolqj wr
lq dwh dzd| grphvwlfdoo|0ghqrplqdwhg0ghew dv wr ghidxow rxwuljkw rq ghew
ghqrplqdwhg lq iruhljq fxuuhqf|1
5W k h E d v l f P r g h o
Frqvlghu d wzr0shulrg/ sduwldo htxloleulxp prgho lq zklfk wkh jryhuqphqw
lvvxhv ghew wr grphvwlf fuhglwruv +zkr duh idyruhg, dqg iruhljq fuhglwruv
+zkr duh glvidyruhg,1 Lq wkh uvw shulrg/ wkh jryhuqphqw lvvxhv rqh xqlw
ri ghew> hdfk xqlw ri ghew sd|v  +lq qrplqdo whupv, lq wkh vhfrqg shulrg1
Grphvwlf dqg iruhljq fuhglwruv pdnh d sruwirolr ghflvlrq lq wkh uvw shulrg wr
glylgh wkhlu zhdowk ehwzhhq wkh wzr dydlodeoh dvvhwv= jryhuqphqw ghew/ dqg
d vdih dvvhw zklfk sd|v  +lq uhdo whupv, lq wkh vhfrqg shulrg1 Fuhglwruv fdq
sxufkdvh ghew gluhfwo| dqg wkhq fdq dovr wudgh dprqj wkhpvhoyhv1 Lq wkh
vhfrqg shulrg/ wkh jryhuqphqw vhwv d wdujhw lq dwlrq udwh wr uhgxfh wkh uhdo
9ydoxh ri lwv ghew uhsd|phqw> dfwxdo lq dwlrq/ zklfk lv vwrfkdvwlf/ lv uhdol}hg>
dqg wkh jryhuqphqw sd|v r lwv ghew1
Wkhuh lv d frqwlqxxp ri lghqwlfdo grphvwlf dqg iruhljq fuhglwruv +l1h1/ zlwk
lghqwlfdo zhdowk dqg suhihuhqfhv, ri phdvxuh ?_ dqg ?s/ uhvshfwlyho| +?_ : /
?s : ,1 Erwk grphvwlf dqg iruhljq fuhglwruv kdyh frqvwdqw devroxwh ulvn
dyhuvlrq suhihuhqfhv/ ghqhg ryhu zhdowk /j l y h qe | E  'e 3 o￿1W k h
frh!flhqw ri devroxwh ulvn dyhuvlrq/ o/ lv frpprq wr erwk jurxsv ri fuhglwruv1
Zlwk FDUD suhihuhqfhv wkhuh duh qr zhdowk hhfwv/ dqg vr zh qrupdol}h wkh
zhdowk hqgrzphqw ri doo fuhglwruv wr 1O h wK sdqg K_ ghqrwh wkh djjuhjdwh
txdqwlw| ri ghew khog e| iruhljq dqg grphvwlf fuhglwruv/ uhvshfwlyho|/ dw wkh
ehjlqqlqj ri shulrg 21
Ohw Z ghqrwh wkh lq dwlrq udwh +l1h1/ wkh udwlr ri wkh fkdqjh lq sulfhv wr
shulrg  sulfhv,1 Wkhq   Z
￿nZ uhsuhvhqwv wkh iudfwlrq ri wkh uhdo ydoxh ri
zhdowk hurghg e| lq dwlrq/ dqg    lv wkh udwlr ri uhdo wr qrplqdo ydoxh ri
zhdowk lq wkh vhfrqg shulrg1 Lq wkh vhfrqg shulrg/ wkh jryhuqphqw vhwv vrph
wdujhw e +dqg khqfh dq lpsolflw wdujhw lq dwlrq udwh Ze,1 Wkh ydoxh ri uhdol}hg
 lv vwrfkdvwlf> lw lv qrupdoo| glvwulexwhg zlwk phdq e dqg yduldqfh j214 Zh
uhtxluh wkdw lq dwlrq eh vwrfkdvwlf vr wkdw jryhuqphqw ghew lv/ lqghhg/ d
ulvn| dvvhw/ dqg wkdw wkhuh lv d qrq0wulyldo dvvhw doorfdwlrq sureohp idfhg
e| wkh djhqwv1 Vlqfh wkh htxloleulxp frqfhsw khuh lv d udwlrqdo h{shfwdwlrqv
htxloleulxp/ li j2 'f / fuhglwruv zloo fruuhfwo| dqwlflsdwh wkh jryhuqphqw*v
lq dwlrq ghflvlrq lq shulrg / dqg wkh htxloleulxp sulfh ri ghew zloo eh vhw
htxdo wr wkh uhdo ydoxh ri  xqlw ri zhdowk lq shulrg 21 Jryhuqphqw ghew
zrxog wkhq eh d vdih dvvhw/ rhulqj wkh vdph uhwxuq dv wkh rwkhu dvvhw lq wkh
hfrqrp|/ dqg wkhuh zrxog eh qr sruwirolr ghflvlrq wr pdnh1
Lq dwlrq jhqhudwhv d frvw wr grphvwlf uhvlghqwv jlyhq e| &
2E2
enj2 +&:2 ,/
dv phdvxuhg lq fhuwdlqw| htxlydohqw xqlwv1 Qrwh wkdw wklv frvw ri lq dwlrq lv
lqfuhdvlqj dqg frqyh{ lq Ze/ vr wkdw xqghu wklv vshflfdwlrq ri lq dwlrq frvwv/
grphvwlf uhvlghqwv duh dyhuvh wr erwk kljk wdujhw lq dwlrq dqg wr xqh{shfwhg
lq dwlrq1 Uhfdoo wkdw Ks ghqrwhv wkh dprxqw ri jryhuqphqw ghew khog e|
iruhljqhuv1 Wkhq wkh jryhuqphqw*v lq dwlrq ghflvlrq lq shulrg 2 +dv d ixqfwlrq
4Dgplwwhgo|/ wkh v|pphwulf glvwulexwlrq ri  derxw lwv phdq uhvxowv lq dq dv|pphwulf
glvwulexwlrq ri 1 Zh vwlsxodwh wkh glvwulexwlrq ri  lqvwhdg ri  iru dqdo|wlfdo frqyhqlhqfh1
Vlqfh/ lq sudfwlfh/  lv erxqghg deryh 4/  vkrxog eh erxqghg ehorz 41L qw k l vp r g h o /
kdv xqerxqghg vxssruw/ exw zh wdnh 5 wr eh vpdoo/ vr wkdw wkh suredelolw| ri A4lv
olnhzlvh vpdoo1





Iru wkh prphqw/ wklv uxoh lv vlpso| vwlsxodwhg> lq Vhfwlrq 7/ zkhuh d grphvwlf
vrfldo zhoiduh ixqfwlrq lv ixoo| vshflhg dqg wkh prgho lv frqvlghuhg lq d
jhqhudo htxloleulxp vhwwlqj/ wkh uxoh deryh zloo eh ghulyhg dv wkh vroxwlrq
wr wkh jryhuqphqw*v rswlpl}dwlrq sureohp1 Wr prwlydwh wkh uxoh iru wkh
prphqw/ krzhyhu/ zh fdq qrwh wkdw lq fkrrvlqj wr lq dwh/ wkh jryhuqphqw
lv wudglqj r wkh frvw ri lq dwlrq &
2E2
e n j2 djdlqvw wkh ehqhw ri h{shfwhg
uhgxfhg uhdo sd|phqwv ri eKs wr iruhljqhuv lq shulrg 21W k h q / edv vwlsxodwhg
deryh pd{lpl}hv wkh h{shfwhg qhw ehqhw Kse  &
2E 2
e n j21
Lq wklv prgho/ grphvwlf fuhglwruv duh idyruhg lq wkh vhqvh wkdw wkhlu zhoiduh
jxuhv gluhfwo| lqwr wkh jryhuqphqw*v remhfwlyh/ dqg wkxv lqwr lwv uhsd|phqw
ghflvlrq1 Iruhljq fuhglwruv duh glvidyruhg lq wkh vhqvh wkdw wkh hhfw ri
ghidxow rq iruhljq fuhglwru zhoiduh jxuhv/ dw prvw/ lqgluhfwo| lq wkh wkh
jryhuqphqw*v uhsd|phqw ghflvlrq wkurxjk wkdw sruwlrq ri & zklfk uhsuhvhqwv
wkh sxqlvkphqw fdsdelolw| ri iruhljqhuv1 Wklv zloo ehfrph pruh dssduhqw lq
wkh ixoo| vshflhg jhqhudo htxloleulxp prgho ehorz1 Iru qrz/ wkh dv|pphwu|
lq wkh jryhuqphqw*v wuhdwphqw ri iruhljq dqg grphvwlf fuhglwruv lv fdswxuhg
e| wkh idfw wkdw lq dwlrqdu| hurvlrq ri ghew sd|phqwv wr iruhljq fuhglwruv lv
frqvlghuhg d ehqhw wr wkh jryhuqphqw/ zkloh wkh lq dwlrqdu| hurvlrq ri ghew
sd|phqwv wr grphvwlf fuhglwruv lv qrw1
Qh{w zh frqvlghu wkh fuhglwruv* sruwirolr ghflvlrq1 Ohw R ghqrwh wkh pdunhw
sulfh ri jryhuqphqw ghew1 Ohw ^ ghqrwh wkh +vwrfkdvwlf, uhwxuq rq  xqlw ri
zhdowk iru d jlyhq fkrlfh ri sruwirolr EcR/z k h u hlv wkh txdqwlw| ri
jryhuqphqw ghew khog/ dqg   R w k ht x d q w l w |r iv d i hd v v h w 1W k h q /
^'E RnE  c +5,
w k hv x pr iw k hu h d ou h w x u qr qw k hv d i hd v v h wd q gw k hu h d ou h w x u qr qj r y h u q p h q w
ghew1 E| qrupdolw| ri / ^ lv glvwulexwhg qrupdoo| zlwk phdq dqg yduldqfh






Xqghu qrupdolw| ri uhwxuqv dqg FDUD xwlolw|/ wkh fhuwdlqw| htxlydohqw ri d
xqlw ri zhdowk lqyhvwhg lq d sruwirolr EcR lv jlyhq e| >^  o
2j2
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;Grphvwlf dqg iruhljq fuhglwruv/ wkhq/ fkrrvh wkhlu rswlpdo sruwirolrv +ghqhg
e| , wr pd{lpl}h .1 Doo fuhglwruv duh lghqwlfdo/ dqg khqfh kdyh lghqwlfdo
fkrlfh ri rswlpdo /j l y h qe |
 E Rce'

oj2E  R  e +9,
Lq pdnlqj wkhlu sruwirolr ghflvlrqv/ lqglylgxdo fuhglwruv wdnh wkh sruwirolr
ghflvlrqv ri wkh rwkhu fuhglwruv dqg wkh jryhuqphqw*v lq dwlrq ghflvlrq e dv
h{rjhqrxv1 Zh qrz lpsrvh wkh udwlrqdo h{shfwdwlrqv uhtxluhphqw wkdw wkh
fuhglwruv* h{shfwhg lq dwlrq htxdov wkh jryhuqphqw*v wdujhw lq dwlrq/ vr wkdw
e '
Ks
& lq wkh fuhglwruv* sruwirolr ghflvlrq=
ER'
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Ilqdoo|/ djjuhjdwlqj lqglylgxdo ghpdqg vfkhgxohv/ zh kdyh wkdw KsER'
? s  E R  dqg K_ER'? _ E R  > vroylqj iru Ks dqg K_/z hr e w d l qw k hf u h g l w r u v *
djjuhjdwh ghpdqg vfkhgxohv=
KsER'
? s & E  R
?s n &oj2 +;,
K_ER'
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?s n &oj2 +<,
Lq htxloleulxp/ K_ERnK sE R ' / zklfk |lhogv wkh htxloleulxp pdunhw






Lw lv zruwk qrwlqj wkdw xqghu udwlrqdo h{shfwdwlrqv/ htxloleulxp dvvhw do0
orfdwlrqv dqg sulfh zloo eh wkh vdph zkhwkhu wkh jryhuqphqw sodfhv lw ghew
grphvwlfdoo| dqg wkhq wudgh rffxuv ehwzhhq grphvwlf dqg iruhljq fuhglwruv/
ru wkh jryhuqphqw sodfhv lwv ghew rq dq lqwhuqdwlrqdo pdunhw1 Lq wkh iruphu
fdvh/ grphvwlf fuhglwruv fruuhfwo| dqwlflsdwh wkh dprxqw ri ghew wkdw iruhljq
fuhglwruv zloo zdqw wr krog dqg wkh sulfh dw zklfk wkh ghew zloo wudgh> wkh
jryhuqphqw zloo sodfh doo ri lwv ghew grphvwlfdoo| dw wkdw sulfh/ dqg wkhq
grphvwlf fuhglwruv zloo vhoo wkh fruuhfwo| dqwlflsdwhg txdqwlw| wr iruhljq fuhg0
lwruv1 Lq wkh odwwhu fdvh +zklfk fruuhvsrqgv wr rxu prgho,/ grphvwlf dqg
<iruhljq fuhglwruv lqlwldoo| sxufkdvh wkh htxloleulxp doorfdwlrqv ri ghew dw wkh
htxloleulxp sulfh/ dqg wkhuh lv qr ixuwkhu wudgh dprqj wkh fuhglwruv1 Lq
hlwkhu fdvh/ udwlrqdo h{shfwdwlrqv jxdudqwhhv wkdw wkh sodfhphqw sulfh dqg
vhfrqgdu| pdunhw sulfh ri ghew zloo eh lghqwlfdo1
Qrwh wkdw xqghu rxu dvvxpswlrqv +&  2> ?_/?s  > j2 vpdoo,/ wkh
htxloleulxp sulfh RW ghqhg deryh lv/ lqghhg/ erxqghg ehwzhhq f dqg 1
Iurp +43, zh frqfoxgh wkdw
_RW




E?_n?s￿2& /v rw k d w
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oj21 Wkh uvw lqhtxdolw| lv wkh vwdqgdug hhfw ri hqodujlqj
wkh pdunhw rq wkh ghpdqg vlgh= lqfuhdvlqj wkh qxpehu ri fuhglwruv uhgxfhv
wkh txdqwlw| ri ghew khog e| hdfk lqglylgxdo/ dqg khqfh uhgxfhv hdfk lqglylg0
xdo*v h{srvxuh wr ulvn/ dqg vr wkh htxloleulxp sulfh ri ghew ulvhv1 Wkh vhfrqg
lqhtxdolw|/ krzhyhu/ ghprqvwudwhv wkdw xqghu fhuwdlq frqglwlrqv/ lqfuhdvlqj
wkh qxpehu ri wkh glvidyruhg/ iruhljq fuhglwruv zloo gulyh grzq wkh sulfh ri
wkh ulvn| dvvhw ehfdxvh iruhljq rzqhuvkls ri wkh dvvhw ulvhv lq htxloleulxp/
dqg khqfh vr grhv h{shfwhg lq dwlrq1 Wkh frqglwlrq iru wklv wr rffxu lv wkdw
wkh frvw ri lq dwlrq & lv vx!flhqwo| orz> li & lv uhodwlyho| kljk/ wkhq d kljk
frvw ri lq dwlrq ohqgv juhdwhu fuhglelolw| wr wkh jryhuqphqw*v frpplwphqw
qrw wr lq dwh dzd| wkh ydoxh ri wkh dvvhw/ dqg vr wkh vwdqgdug ghpdqg hhfw
krogv1
Ixuwkhupruh/ zh qrwh wkdw li ?_ lv khog frqvwdqw/ wkhq dv ?s lqfuhdvhv/ wkh
dprxqw ri jryhuqphqw ghew khog e| dq lqglylgxdo iruhljq fuhglwru idoov/ dqg
wkh dprxqw ri jryhuqphqw ghew khog lq djjuhjdwh e| iruhljqhuv ulvhv1 Vlqfh
iruhljq fuhglwruv lqglylgxdoo| krog ohvv jryhuqphqw ghew dv ?s ulvhv/ wkhlu
h{srvxuh wr ulvn idoov dv wkhlu qxpehu lqfuhdvhv/ dqg wkh| ehkdyh dv li wkh|
zhuh ohvv ulvn dyhuvh1 Lqghhg/ dv ?s whqgv wr lqqlw|/ wkh dprxqw ri ulvn|
dvvhw khog e| hdfk iruhljq fuhglwru whqgv wr }hur/ vr wkdw iruhljq fuhglwruv
dfw hvvhqwldoo| ulvn qhxwudo/ zkloh wkh djjuhjdwh dprxqw ri jryhuqphqw ghew
khog e| iruhljqhuv whqgv wrzdugv 41 Lq wklv fdvh/ wkh jryhuqphqw*v h{shfwhg
lq dwlrq ghflvlrq lv jlyhq e| e ' ￿
&1 Wkh htxloleulxp sulfh ri ghew/ dv ?s
whqgv wr lqqlw|/ dssurdfkhv RW '￿
&/ zklfk lv wkh sulfh wkdw zrxog eh vhw
e| ulvn0qhxwudo djhqwv zkhq wkh h{shfwhg uhdo uhwxuq rq ghew lv e ' ￿
&1
Wkxv/ zh fdq dqdo|}h wkh hhfw ri uhgxflqj wkh ulvn dyhuvlrq ri iruhljq
fuhglwruv lq wklv prgho vlpso| e| frqvlghulqj wkh hhfw ri lqfuhdvlqj wkhlu
qxpehuv1 Lq sduwlfxodu/ dv iruhljq fuhglwruv ehfrph ohvv ulvn dyhuvh/ wkh
jryhuqphqw*v whupv ri fuhglw lpsuryh rqo| li wkh frvw ri lq dwlrq lv vx!flhqwo|
kljk1
Lq wkh h{srvlwlrq deryh/ jryhuqphqw ghew lv ghvfulehg dv qrplqdo ghew
43+l1h1/ grphvwlf0fxuuhqf|0ghqrplqdwhg ghew,/ dqg ghidxow lv uhdol}hg wkurxjk
lq dwlrq1 Krzhyhu/ wkh dujxphqw ri wklv sdshu h{whqgv wr uhdo ru iruhljq0
fxuuhqf|0ghqrplqdwhg ghew dv zhoo1 Iru lqvwdqfh/ ohw  xqlw ri ghew uhsuhvhqw
wkh jryhuqphqw*v reoljdwlrq wr uhsd|  lq uhdo whupv lq shulrg 21 Krzhyhu/ lq
shulrg 2 wkh jryhuqphqw fdq uhqhjrwldwh wkh whupv ri lwv ghew1 Lq sduwlfxodu/
lw sd|v rqo| d iudfwlrq    rq hdfk xqlw ri ghew lq wkh vhfrqg shulrg1 Wkh
jryhuqphqw wdujhwv lwv ghjuhh ri ghidxow rswlpdoo| e| fkrlfh ri wdujhw e/e x w
lwv dfwxdo delolw| wr uhqhjrwldwh ghshqgv rq ydulrxv vwrfkdvwlf idfwruv lq wkh
hfrqrp|/ dqg vr uhdol}hg  lv vwrfkdvwlf1 Ilqdoo|/ wkh grphvwlf jryhuqphqw
dqg hfrqrp| ehduv d frvw/ sdudphwhul}hg e| & dv deryh/ iru lwv uhsxgldwlrq
ri ghew1 Wkh prgho ri wklv sdshu/ dqg lwv uhvxowv/ wkhq dsso| gluhfwo|1 Vhfwlrq
8 frqvlghuv d prgho zlwk uhdo ghew dqg h{solflw ghidxow1
6 Wudqvdfwlrq Frvwv
Lq wklv vhfwlrq/ zh frqvlghu wkh hfrqrp| ri Vhfwlrq 5 xqghu ydu|lqj wudqv0
dfwlrq frvwv dvvrfldwhg zlwk wudglqj ghew lqwhuqdwlrqdoo|1 Zh kdyh lq plqg
khuh dv|pphwulf wudqvdfwlrq frvwv zklfk dhfw iruhljq fuhglwruv exw qrw gr0
phvwlf rqhv1 Iru lqvwdqfh/ wkh vhfrqgdu| pdunhw iru vryhuhljq ghew pd| eh
iulfwlrqohvv iru wudghv dprqj grphvwlf fuhglwruv/ |hw pd| lqyroyh frvwv zkhq
iruhljq uhvlghqwv sxufkdvh jryhuqphqw erqgv iurp grphvwlf fuhglwruv1
Zh ohw wudqvdfwlrqv frvwv rq iruhljq rzqhuvkls ri jryhuqphqw ghew eh
lqgh{hg e|   b/ vr wkdw iruhljq fuhglwruv hduq rqo| d iudfwlrq b rq hyhu| 
xqlw ri uhwxuq rq iruhljq ghew1 Grphvwlf fuhglwruv frqwlqxh wr hduq d qrplqdo
uhwxuq ri  rq hdfk xqlw ri wkh ulvn| dvvhw1
Iru iruhljqhuv/ uhdo uhwxuq rq  xqlw ri zhdowk lqyhvwhg dv Ec R lv
qrz jlyhq e|
^ 'R n bE   +44,
dqg wkh fhuwdlqw| htxlydohqw ri  xqlw ri zhdowk lqyhvwhg lq wkh sruwirolr lv















44Lpsrvlqj wkh udwlrqdo h{shfwdwlrqv frqglwlrq e '
Ks
& / dqg wkhq djjuhjdwlqj/
zh rewdlq wkh djjuhjdwh iruhljq ghpdqg vfkhgxoh
KsER'





Grphvwlf fuhglwruv ehdu qr wudqvdfwlrq frvwv dqg wkhuhiruh idfh wkh vdph
sruwirolr ghflvlrq sureohp dv ehiruh +pd{lpl}dwlrq ri +8,,1 Khqfh/ wkhlu
sruwirolr fkrlfh lv jlyhq e| htxdwlrq +9,/ _ERce' ￿
oj2E  R  e1 Xqghu
udwlrqdo h{shfwdwlrqv/ wkh djjuhjdwh grphvwlf ghpdqg vfkhgxoh lv
K_ER'




Lq htxloleulxp/ K_ERnKsER' /v rw k d wz k h qd ql q w h u l r uv r o x w l r qh { l v w v /
wkh htxloleulxp sulfh lv
R
W '
boj2Eb?_& n ?s&  ?s  b&oj2
?_?s nb?_?s n b2?_&oj2 n?s&oj2 +49,
Iru b '+l1h1/ wkh fdvh ri qr wudqvdfwlrq frvwv,/ e| wkh uhvxowv ri Vhfwlrq 5/
dq lqwhulru vroxwlrq dozd|v h{lvwv1 Dv b fkdqjhv/ RW fkdqjhv frqwlqxrxvo|/ vr
dq lqwhulru vroxwlrq zloo dozd|v h{lvw iru vx!flhqwo| orz wudqvdfwlrq frvwv +l1h1/
iru b vx!flhqwo| forvh wr ,1 Li wudqvdfwlrq frvwv duh kljk hqrxjk/ iruhljqhuv
zloo krog qr ghew1
Wkh pdlq uhvxow ri wklv vhfwlrq lq frqwdlqhg lq wkh iroorzlqj sursrvlwlrq=
Sursrvlwlrq 4
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45Ruglqdulo|/ zh zrxog h{shfw wkdw dv wudqvdfwlrq frvwv idoo/ vr wkdw iruhljq
fuhglwruv hduq d kljkhu uhwxuq rq jryhuqphqw ghew/ wkh| zrxog elg xs wkh
sulfh dw zklfk wkh jryhuqphqw fdq sodfh lwv ghew1 Wkh sursrvlwlrq deryh
ghprqvwudwhv wkdw rqo| li wkh frvw ri lq dwlrq & lv vx!flhqwo| kljk/ vr wkdw
wkh jryhuqphqw fdq fuhgle| frpplw wr d orz wdujhw lq dwlrq hyhq dv odujhu
txdqwlwlhv ri ghew duh khog e| iruhljqhuv/ zloo uhgxfwlrq ri wudqvdfwlrq frvwv
lpsuryh wkh jryhuqphqw*v whupv ri fuhglw e| lqfuhdvlqj wkh iruhljq vxsso| ri
fuhglw1 Rq wkh rwkhu kdqg/ li & lv orz/ wkhq uhgxfhg wudqvdfwlrq frvwv/ e|
lqfuhdvlqj iruhljq kroglqjv ri ghew dqg wkhuhe| hqfrxudjlqj lq dwlrq/ zruvhq
wkh jryhuqphqw*v whupv ri fuhglw> lq vxfk d fdvh/ uhgxflqj wkh oltxlglw| ri wklv
dvvhw pdunhw zloo dfwxdoo| udlvh wkh sulfh dw zklfk wkh jryhuqphqw fdq sodfh
lwv erqgv1
7 D Jhqhudo Htxloleulxp Prgho
Wkh hfrqrp| ri Vhfwlrq 5 ohiw rshq wkh glvsrvlwlrq ri wkh prqh| udlvhg e|
wkh jryhuqphqw lq wkh uvw shulrg/ dqg wkh vrxufh ri ixqgv wr uhsd| lwv ghew
reoljdwlrq lq wkh vhfrqg1 Zh qrz frqvlghu wkh prgho lq wkh iroorzlqj jhqhudo
htxloleulxp vhwwlqj/ zkhuh wkh hfrqrp| lv forvhg e| d ohy| ri wd{hv wr uhsd|
wkh jryhuqphqw*v ghew reoljdwlrq= Wkh jryhuqphqw zlvkhv wr udlvh prqh|
lq wkh uvw shulrg lq rughu wr lqyhvw lq vrph sxeolf jrrg zklfk jhqhudwhv
xwlolw| iru grphvwlf uhvlghqwv lq wkh vhfrqg shulrg1 Wkh jryhuqphqw fdq rqo|
fuhgleo| frpplw wr uhsd|  xqlw rq lwv erqg reoljdwlrqv lq wkh vhfrqg shulrg/
vr lw fdq rqo| lvvxh +dqg zloo lvvxh,  xqlw ri ghew dw wkh pdunhw sulfh R shu
xqlw1 Zh kdyh lq plqg khuh wkdw wkh jryhuqphqw kdv wzr ghidxow whfkqror0
jlhv dydlodeoh wr lw= rxwuljkw ghidxow dqg lq dwlrq1 Li wkh jryhuqphqw*v ghew
reoljdwlrq h{fhhgv  xqlw/ lw fdqqrw fuhgleo| frpplw qrw wr ghidxow rxwuljkw/
dqg vr lw lv olplwhg wr lvvxlqj  xqlw ri ghew15 Wkh sxeolf jrrg hqwhuv lqwr
wkh grphvwlf uhvlghqwv* xwlolw| ixqfwlrq dv dq lqfuhdvlqj ixqfwlrq  ri wkh
dprxqw ri lqyhvwphqw pdgh> l1h1/ wkh sxeolf jrrg jhqhudwhv xwlolw| ER lq
fhuwdlqw| htxlydohqw xqlwv1 Lq wkh vhfrqg shulrg/ wkh jryhuqphqw ohylhv wd{hv
+ri qrplqdo ydoxh , wr sd| r wkh ghew1
Wkh grphvwlf srsxodwlrq lv glylghg lqwr wzr jurxsv1 Khwhurjhqhlw| dprqj
wkh grphvwlf srsxodwlrq lv qhfhvvdu| ehfdxvh/ dv zh vkdoo vhh ehorz/ li doo gr0
5Dgplwwhgo|/ xqghu wklv udwlrqdoh/ wkh jryhuqphqw*v ghew olplw vkrxog eh 4 lq uhdo
whupv1 Krzhyhu/ iru wudfwdelolw|/ zh dvvxph wkdw wkh jryhuqphqw lv olplwhg wr lvvxlqj d
{hg dprxqw ri ghew lq qrplqdo whupv1
46phvwlf uhvlghqwv kdyh wkh vdph sursruwlrq ri erqgkroglqjv wr wd{ exughq/
wkhq iru doo grphvwlf uhvlghqwv/ lq dwlrqdu| hurvlrq ri dvvhw ydoxh zloo eh
shuihfwo| rvhw e| wkh lq dwlrqdu| uhgxfwlrq lq wd{ exughq/ dqg doo jryhuq0
phqw ghew zloo eh khog grphvwlfdoo| dv d vdih dvvhw1 Zh wkhuhiruh dvvxph
khwhurjhqhlw| dprqj wkh grphvwlf srsxodwlrq lq wkh udwlr ri erqgkroglqjv
wr wd{ exughq1 Iru vlpsolflw|/ zh ghvljqdwh wzr jurxsv/ zkrp zh odeho ulfk
dqg srru1 Grphvwlf zhdowk lv rzqhg e| wkh ulfk/ dqg rqo| wkh ulfk dfw dv
grphvwlf fuhglwruv1 Wkh srru gr qrw lqyhvw lq jryhuqphqw erqgv1 Lq sduwlf0
xodu/ wkh srru duh kdyh vrph {hg hqgrzphqw/ lppxqh wr lq dwlrq/ lq wkh
vhfrqg shulrg1 Iru lqvwdqfh/ wklv hqgrzphqw pljkw eh djulfxowxudo rxwsxw ru
zdjh lqfrph1 Zh qrupdol}h wkh srru*v zhdowk wr f1 Zh fdq gr wklv ehfdxvh
doo djhqwv kdyh FDUD xwlolw|/ vr wkhuh duh qr ohyho hhfwv iurp wudqvodwlqj
zhdowk hqgrzphqwv wr d qhz ruljlq1 Zh dvvxph wkdw wkh srru gr qrw dfw
dv fuhglwruv/ ehfdxvh +iru lqvwdqfh, wkh wudqvdfwlrq frvwv duh wrr kljk/ ru
ehfdxvh wkh| idfh lqirupdwlrqdo/ oltxlglw|/ ru fdslwdo pdunhw frqvwudlqwv1 Lq
wkh vhfrqg shulrg/ wkh jryhuqphqw glylghv wkh wd{ exughq ehwzhhq wkh wzr
jurxsv/ ohy|lqj d wd{ ri  +lq qrplqdo whupv, rq wkh ulfk dqg    rq wkh
srru1
Vshflfdoo|/ wkhq/ ohw ￿ER dqg ￿
2&￿E2
e nj2 ghqrwh/ lq zhdowk htxlydohqw
xqlwv/ wkh sxeolf jrrg ehqhw dqg lq dwlrqdu| exughq lq wkh xwlolw| ri wkh
ulfk/ dqg 2ER dqg ￿
2&2E2
e n j2 wkh sxeolf jrrg ehqhw dqg lq dwlrqdu|
exughq lq wkh xwlolw| ri wkh srru1 Uhfdoo wkdw wkh srru idfh d uhdo wd{ exughq
ri E  E  / zklfk lv glvwulexwhg qrupdoo| zlwk phdq E  E  e
dqg yduldqfh E  2j21
Iru d sruwirolr ghqhg e| lqyhvwphqw lq  xqlwv ri ghew/ ohw ^ ghqrwh wkh
qrupdoo| glvwulexwhg uhwxuq/ qhw ri wd{hv=
^ 'R n E   

?_
E   +4;,


























47zkhuh wkh phdq dqg yduldqfh ri wkh qhw uhwxuq rq d sruwirolr EcR duh
jlyhq e|
>^ '  R nE 

? _
E  e +54,
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zkhuh  ' ￿ n 2/ & ' &￿ n &21
Dw wkh ehjlqqlqj ri shulrg 5/ wkh jryhuqphqw pdnhv lwv wdujhw lq dwlrq
ghflvlrq wr pd{lpl}h A.1 Ehfdxvh R dqg  duh ghwhuplqhg lq shulrg 4/
dqg / ?_/d q gj 2duh h{rjhqrxvo| {hg/ pd{lpl}lqj A. zlwk uhvshfw wr







2n? _E  _

? _
E  e  E  E  e +57,
Uhfdoolqj wkdw ?ssn?__  KsnK_ ' / zh frqfoxgh wkdw +57, lv pd{lpl}hg
dw e 'K s*&c zklfk lv suhflvho| wkh jryhuqphqw lq dwlrq ghflvlrq +4, vwlsx0
odwhg lq Vhfwlrq 51 Khqfh/  lv qrupdoo| glvwulexwhg durxqg e zlwk yduldqfh
j2/ zkhuh wkh jryhuqphqw*v wdujhw lq dwlrq ghflvlrq lv jlyhq e| e 'K s*&1
Surylvlrq ri wkh sxeolf jrrg dqg ohy| ri wd{hv dhfwv rqo| grphvwlf fuhg0
lwruv/ vr wkh iruhljq sruwirolr ghflvlrq uhpdlqv xqfkdqjhg=
KsER(b'





Krzhyhu/ grphvwlf fuhglwruv* sruwirolr ghflvlrq pxvw qrz wdnh lqwr dffrxqw
wkh hhfw ri wd{hv zkhq pd{lpl}lqj wkhlu fhuwdlqw| htxlydohqw .￿1 Grphvwlf
fuhglwruv wdnh R dqg e dv jlyhq/ vr wkhlu sureohp uhgxfhv wr
_ERce ' @h}4@ ￿   R nE 

? _











E  e n ￿
?_oj2 R
oj2 1 +5:,
Uhfdoolqj wkdw e 'K s*& lq htxloleulxp/ iurp +58, dqg +5:, zh kdyh wkdw wkh
grphvwlf fuhglwruv* djjuhjdwh ghpdqg vfkhgxoh lv jlyhq e|
K_ER(bc'







Lq htxloleulxp/ K_ERnKsER' / vr wkdw zkhq dq lqwhulru htxloleulxp h{lvwv/
wkh htxloleulxp sulfh lv jlyhq e|
R
W '
boj2Eb?_& n ?s&  b&oj2  ?s n ?s n b&oj2
?_?s nb?_?s n b2?_&oj2 n?s&oj2  +5<,
Dv lq Vhfwlrq 6/ dq lqwhulru htxloleulxp h{lvwv zkhqhyhu wudqvdfwlrq frvwv duh
vx!flhqwo| orz +l1h1/ b forvh wr 4,1 Lq dgglwlrq/ wkh pdlq uhvxow ri Vhfwlrq 6
frqwlqxhv wr krog lq wklv jhqhudo htxloleulxp vhwwlqj=
Sursrvlwlrq 5
_RW
_b 	 f li dqg rqo| li &	
? _
oj2 1
Wkh surri iroorzv dv ehiruh1
Zh qrwh khuh wkh lpsolfdwlrqv ri +5;, dqg +5<, iru krph eldv lq wklv prgho1
Zkhq b ' / wkh htxloleulxp sulfh dqg txdqwlw| ri ghew khog e| grphvwlf
uhvlghqwv duh jlyhq e|
R
W '










Khqfh/ zkhq  'f / wkh sursruwlrq ri ghew khog e| grphvwlf fuhglwruv suh0
flvho| htxdov wkhlu vkduh ri zruog zhdowk/ dv zh zrxog h{shfw= grphvwlf dqg
iruhljq fuhglwruv kdyh lghqwlfdo suhihuhqfhv dqg idfh wkh vdph sruwirolr ghfl0
vlrq/ vr wkhlu rzqhuvkls vkduh ri dq| dvvhw zloo htxdo wkhlu iudfwlrq ri wrwdo
49srsxodwlrq1 Krzhyhu/ dv wkh wd{ exughq  rq grphvwlf fuhglwruv lqfuhdvhv/
juhdwhu krph eldv lv h{klelwhg> lqghhg/ zkhq wkh jryhuqphqw*v uhsd|phqw ri
ghew lv hqwluho| qdqfhg e| wd{hv rq grphvwlf fuhglwruv + ' ,/ doo ghew lv
khog e| grphvwlf fuhglwruv1 Wkh prgho h{klelwv wklv krph eldv ehfdxvh uhdo
uhwxuq rq ghew dqg uhdo wd{ exughq duh h{dfwo| qhjdwlyho| fruuhodwhg/ vr wkdw
lq dwlrqdu| hurvlrq ri wkh wd{ exughq dfwv dv d khgjh djdlqvw lq dwlrqdu|
hurvlrq ri dvvhw ydoxh1 Qrwh wkdw zkhq  ' / vr wkdw wkh jryhuqphqw*v uh0
sd|phqw ri ghew lv hqwluho| qdqfhg e| wd{hv/ doo ghew lv khog e| grphvwlf
uhvlghqwv qr pdwwhu zkdw wkh ohyho ri wudqvdfwlrq frvwv +l1h1/ zkdwhyhu wkh
ydoxh ri b,1 Iru b ' / wklv dulvhv dv wkh lqwhulru htxleulxp> iru b	 /w k h u h
lv qr lqwhulru htxloleulxp/ dqg wklv dulvhv dv d fruqhu vroxwlrq1
Sursrvlwlrq 5 deryh hvwdeolvkhv wkdw zkhq wkh frvw ri lq dwlrq & lv orz/ vr
wkdw wkh jryhuqphqw*v frpplwphqw qrw wr ghidxow lw qrw fuhgleoh/ uhgxfwlrq
lq wudqvdfwlrq frvwv zloo zruvhq wkh jryhuqphqw*v whupv ri fuhglw/ dqg wkhuhe|
whqg wr uhgxfh zhoiduh1 Lq dwlrq/ krzhyhu/ dovr kdv d zhoiduh0lpsurylqj hhfw
wkurxjk lwv uhgxfwlrq ri uhdo ghew sd|phqwv wr iruhljqhuv/ dqg khqfh ri wkh
uhdo wd{ exughq uhtxluhg wr qdqfh wkrvh sd|phqwv16 Wkxv/ zkhq & lv orz/
ixuwkhu dqdo|vlv lv uhtxluhg wr ghwhuplqh wkh zhoiduh frqvhtxhqfhv ri uhgxfhg
wudqvdfwlrq frvwv1


















zkhuh ^ lv wkh uhwxuq rq hdfk grphvwlf fuhglwru*v sruwirolr1
Zh duh lqwhuhvwhg lq wkh hhfw ri lqfuhdvlqj b rq htxloleulxp zhoiduh/ dv
jlyhq e| A.W A.ER W1 Fdofxodwlqj _A.W*_b e| vxpplqj wkh hhfwv












Zh fdq dvvxph wkdw ￿ERW  nK W
s :fli zh dvvxph wkdw/ h{ dqwh/w k h
jryhuqphqw rqo| udlvhv prqh| wr lqyhvw lq wkh sxeolf jrrg li wkdw lqyhvwphqw
lv zruwkzkloh1 Iru wkh sxeolf surmhfw wr eh zruwkzkloh/ wkh pdujlqdo ehqhw
iurp lqyhvwphqw ri dq dgglwlrqdo xqlw ri zhdowk/ ￿ERW/p x v wh { f h h g /w k h
6Lq dwlrqdu| hurvlrq ri grphvwlf ghew grhv qrw dhfw vrfldo zhoiduh vlqfh wklv vlpso|
uhsuhvhqwv d wudqvihu iurp grphvwlf fuhglwruv wr grphvwlf wd{sd|huv1
4:pdujlqdo ehqhw iurp dq dgglwlrqdo xqlw ri zhdowk1 Vlqfh KW
s  f/z hk d y h
wkhuhiruh hvwdeolvkhg wkh iroorzlqj uhvxow=
Sursrvlwlrq 6 Dvvxplqj wkdw wkh sxeolf jrrg lv zruwkzkloh/ d uhgxfwlrq lq
wudqvdfwlrq frvwv lv zhoiduh0hqkdqflqj li dqg rqo| li wkh jryhuqphqw*v frp0
plwphqw qrw wr lq dwh lv vx!flhqwo| fuhgleoh> l1h1/ li dqg rqo| li wkh frvw ri
lq dwlrq & h{fhhgv ?_*oj21
Htxdwlrq +65, lv rewdlqhg e| frqvlghulqj wkh hhfw rq lqfuhdvhg b rq hdfk frq0
vwlwxhqw whup ri A.W1 Wkh hhfw ri uhgxfhg wudqvdfwlrq frvwv rq wkh vrfldo
ehqhw iurp wkh sxeolf jrrg +, zloo ghshqg rq zkhwkhu uhgxfhg wudqvdfwlrq
frvwv lqfuhdvh ru ghfuhdvh wkh dprxqw ri prqh| +RW, wkdw wkh jryhuqphqw lv












W : f li dqg rqo| li &:
? _
oj2 +67,










Vlqfh _RW*_b : f l id q gr q o |l i&:? _ *oj2/ htxdwlrq +68, lpsolhv wkdw
_￿W
e
_b : f1 Uhfdoolqj wkdw W
e '
Ks
& / zh frqfoxgh wkdw d uhgxfwlrq lq wudqvdfwlrq
frvwv   b vkliwv wkh sodfhphqw ri jryhuqphqw ghew wrzdugv juhdwhu iruhljq

















du l v hl qbfrqwulexwhv qhjdwlyho| wr zhoiduh wkurxjk lwv hhfw rq wkh vrfldo









4;vr wkdw uhgxfhg wudqvdfwlrq frvwv dhfw zhoiduh srvlwlyho| wkurxjk wkh wd{
ehqhw ri lq dwlrq wkdw dffuxhv wr wkh srru +6:,1
Ilqdoo|/ d ulvh lq b dhfwv wkh uhwxuq rq jryhuqphqw erqgv +yld htxlole0
ulxp sulfh dqg wdujhw lq dwlrq, dqg wkhuhe| dhfwv wkh sruwirolr ghflvlrq ri


























_b : f/l i
_RW
_b : f +l1h1/ li &:? _ *oj2/ wkhq ghfuhdvlqj
wudqvdfwlrq frvwv kdyh dq xqdpeljxrxvo| qhjdwlyh hhfw rq wkh xwlolw| wr
wkh ulfk iurp wkhlu sruwirolr1 Wklv lv qrw vxusulvlqj= zkhq
_RW
_b : f/ idoolqj
wudqvdfwlrq frvwv erwk lqfuhdvh wkh sulfh ri ghew dqg lqfuhdvh wdujhw lq dwlrq/
vr wkdw wkh uhdo uhwxuq rq jryhuqphqw ghew idoov1 Krzhyhu/ li
_RW
_b 	 f +l1h1/
&	? _*oj2,/ wkhq wkh vljq ri +6;, lv dpeljxrxv1
8 Jhqhudo Ghidxow Frvwv dqg Pxowlsoh Htxl0
oleuld
Lq wklv vhfwlrq/ zh jhqhudol}h wkh htxloleulxp dqg frpsdudwlyh vwdwlfv uh0
vxowv ri Vhfwlrqv 5/ 6/ dqg 7 e| doorzlqj iru d pruh jhqhudo vshflfdwlrq ri
suhihuhqfhv dqg ghidxow frvwv1 Lq wkh pdlq uhvxowv ri Vhfwlrqv 6 dqg 7/ zh
vkrzhg wkdw wkh sulfh ri ghew dqg zhoiduh pd| idoo prqrwrqlfdoo| dv wudqv0
dfwlrq frvwv idoo/ li wkh jryhuqphqw*v frpplwphqw wr uhsd| lv qrw vx!flhqwo|
fuhgleoh1 Wklv prqrwrqlflw| +frqglwlrqdo rq wkh frvw & ri lq dwlrq, dulvhv
iurp olqhdulw| ri wkh jryhuqphqw*v lq dwlrq ghflvlrq lq wkh djjuhjdwh iruhljq
rzqhuvkls ri lwv ghew1 Lq wklv vhfwlrq/ zh uvw vkrz wkdw/ pruh jhqhudoo|/
wkh jryhuqphqw*v whupv ri fuhglw pd| lqlwldoo| lpsuryh dv wudqvdfwlrq frvwv
idoo/ dqg wkhq ghwhulrudwh dv wudqvdfwlrq frvwv idoo ixuwkhu1 Lq wklv fdvh/ wkhuh
zloo eh dq rswlpdo ohyho ri wudqvdfwlrq frvwv1 Vhfrqg/ zh vkrz wkdw zkhq
wkh dvvxpswlrq ri FDUD suhihuhqfhv lv gursshg/ dqg djhqwv* ulvn dyhuvlrq
lv doorzhg wr ydu| zlwk wkhlu zhdowk/ wkhuh pd| eh pxowlsoh htxloleuld lq wkh
pdunhw iru jryhuqphqw ghew1
Zh frqwlqxh wr frqvlghu d wzr0shulrg prgho lq zklfk wkh jryhuqphqw
lvvxhv rqh xqlw ri ghew/ dw pdunhw sulfh R/ wr grphvwlf dqg iruhljq fuhglwruv
lq wkh uvw shulrg1 Krzhyhu/ ghew lv uhdo qrz/ dqg sd|v rxw  lq uhdo whupv
lq wkh vhfrqg shulrg> wkh jryhuqphqw pd| dovr fkrrvh wr ghidxow/ lq zklfk
fdvh lw uhsxgldwhv lwv ghew hqwluho| dqg fuhglwruv hduq f uhwxuq1
4<Ulvn0dyhuvh grphvwlf dqg iruhljq fuhglwruv pdnh d sruwirolr ghflvlrq lq
wkh uvw shulrg ehwzhhq wkh ulvn| ghew dqg d vdih dvvhw zklfk sd|v  zlwk
fhuwdlqw| lq wkh vhfrqg shulrg1 Iruhljq fuhglwruv idfh wudqvdfwlrq frvwv b
dqg hduq rqo| d iudfwlrq b rq hdfk xqlw ri uhwxuq1
Wkh jryhuqphqw idfhv d frvw ri ghidxow & zklfk lv vwrfkdvwlf/ dqg lv
uhdol}hg rqo| dw wkh ehjlqqlqj ri wkh vhfrqg shulrg/ diwhu fuhglwruv kdyh
pdgh wkhlu sruwirolr ghflvlrqv/ exw ehiruh wkh jryhuqphqw pdnhv lwv ghfl0
vlrq zkhwkhu wr ghidxow ru uhsd|1 Wkh qhw ehqhw iurp ghidxow lv wkh frvw ri
vhuylflqj ghew khog e| iruhljqhuv +Ks, ohvv wkh frvw ri ghidxow &1 Khqfh/ wkh
jryhuqphqw ghidxowv li dqg rqo| li Ks  &  f1
Iluvw zh vkrz wkdw wkh htxloleulxp sulfh ri jryhuqphqw ghew pd| eh
qrqprqrwrqlf lq wkh ohyho ri wudqvdfwlrq frvwv1 Zh wdnh wkh qxpehu ri iruhljq
fuhglwruv wr eh odujh/ vr wkdw wkh| dfw hhfwlyho| ulvn0qhxwudo1
Wkhq/ vxssrvh wkdw & lv glvwulexwhg dv iroorzv1 Zlwk suredelolw| 6￿? 	 /
& 'f > zlwk suredelolw|  6￿?/ & lv glvwulexwhg xqlirupo| rq dc~o/z k h u h
f		dqg ~: 1 Wklv lpsolhv d suredelolw| ri ghidxow EKs dv d
ixqfwlrq ri iruhljq rzqhuvkls=
EKs' 6￿? iru Ks 	
 EKs' 6￿? n
Ks3￿




~3￿ / zh fdq uhzulwh +6<,=
EKs' 6￿? nE K s  wiru   Ks   +73,
Iluvw/ zh vkrz wkdw li wudqvdfwlrq frvwv duh yhu| kljk +lq sduwlfxodu/ li
b 'f ,/ wkhq orzhulqj wudqvdfwlrq frvwv +l1h1/ udlvlqj b, fdq lqfuhdvh wkh
htxloleulxp sulfh ri ghew1
Dw b 'f / iruhljqhuv zloo krog qr ghew/ vr KW
s 'fdqg KW
_ ' 1W k h
suredelolw| ri ghidxow zloo eh 6￿?/ dqg wkh htxloleulxp sulfh ri ghew zloo eh
E ' K
3￿
_ E m  ' 6￿?1
Qrz frqvlghu wkh sulfh E  'K
3 ￿
_ E   m  ' 6￿? dw zklfk
grphvwlf fuhglwruv zloo krog K_ 'li wkh suredelolw| ri ghidxow lv 6￿?1
Zh kdyh wkdw E   : E iru grzqzdug0vorslqj ghpdqg ixqfwlrq K_1
Ixuwkhupruh/ E   	   6￿? vlqfh grphvwlf fuhglwruv duh ulvn0dyhuvh1
Iru wudqvdfwlrq frvwv   b dqg ghidxow suredelolw| 6￿?/ ulvn0qhxwudo
iruhljq fuhglwruv zloo krog dq| dprxqw ri jryhuqphqw ghew dv orqj dv R 
bE6￿?1 Lq sduwlfxodu/ dw b '
￿E￿3￿￿
￿3￿6￿? 	 / iruhljq fuhglwruv zloo krog dq|





s ' / W' 6￿?/ RW ' E   ghqh dq htxloleulxp1 Khqfh/ orzhulqj
wudqvdfwlrq frvwv iurp b 'fwr b '
￿E￿3￿￿
￿3￿6￿? lpsuryhv wkh jryhuqphqw*v whupv
ri fuhglw1
Qh{w/ zh vkrz wkdw li wudqvdfwlrq frvwv duh }hur +l1h1/ b ' ,/ d ulvh lq
wudqvdfwlrq frvwv fdq dovr lqfuhdvh wkh sulfh dw zklfk wkh jryhuqphqw lv deoh
wr sodfh lwv ghew1 Dw b ' / ulvn0qhxwudo iruhljqhuv zloo krog doo ghew dw lwv
dfwxduldoo| idlu sulfh/ dqg ulvn0dyhuvh grphvwlf fuhglwruv zloo krog qr ghew1
Vlqfh KW
s ' / wkh suredelolw| ri ghidxow lv jlyhq e|  ' 6￿? nEw/d q g
wkh sulfh ri ghew zloo eh eh lwv h{shfwhg sd|r/ RW '  '   6￿?Ew1
Vlqfh w prqrwrqlfdoo| lqfuhdvhv wrzdugv
￿3￿6￿?
￿3￿ dv ~ dssurdfkhv  iurp
deryh/ RW fdq eh pdgh duelwudulo| vpdoo lq pdjqlwxgh iru ~ vx!flhqwo| forvh
wr 1 Lq sduwlfxodu/ dv orqj dv ~ lv qrw wrr odujh/ zh kdyh wkdw RW lv vpdoohu
wkdq E  /w k hs u l f hr ig h e wz k h qb'
￿ E￿3￿￿
￿3￿6￿?1 Wklv lpsolhv wkdw/ iru
~ qrw wrr odujh/ wkh jryhuqphqw*v whupv ri fuhglw lpsuryh zkhq wudqvdfwlrq
frvwv ulvh iurp b 'wr zkhq b '
￿E￿3￿￿
￿3￿6￿? 	 1
Wkhvh wzr uhvxowv wrjhwkhu vkrz wkdw dowkrxjk idoolqj wudqvdfwlrq frvwv
pd| lqlwldoo| lpsuryh wkh sulfh dw zklfk d jryhuqphqw fdq sodfh lwv ghew/
uhgxfwlrqv lq wudqvdfwlrq frvwv eh|rqg d fhuwdlq srlqw fdq vwloo eh ghwulphqwdo
wr lwv whupv ri fuhglw1
Qh{w/ zh vkrz wkdw lq wklv pruh jhqhudo prgho/ wkhuh pd| eh pxowlsoh
htxloleuld lq wkh pdunhw iru jryhuqphqw ghew1 Lq wkh prgho ri Vhfwlrqv 5/
6/ dqg 7/ zh xvhg lghqwlfdo FDUD suhihuhqfhv iru dqdo|wlfdo frqyhqlhqfh/
exw dw wkh h{shqvh ri uhdolvp1 Zh qrz frqvlghu zkdw kdsshqv zkhq iru0
hljq fuhglwruv duh ohvv ulvn dyhuvh wkdq grphvwlf fuhglwruv1 Wklv pd| rffxu/
iru lqvwdqfh/ li zh dvvxph wkdw djhqwv* zloolqjqhvv wr ehdu ulvn lqfuhdvhv lq
wkhlu zhdowk/ dqg wkdw iruhljqhuv kdyh juhdwhu zhdowk wkdq grphvwlf fuhgl0
wruv1 Vlqfh iruhljqhuv duh zloolqj wr ehdu pruh ulvn wkdq grphvwlf fuhglwruv/
dqg vlqfh juhdwhu iruhljq rzqhuvkls pdnhv jryhuqphqw ghew pruh ulvn|/ wkhuh
pd| eh pxowlsoh htxloleuld lq wkh pdunhw iru jryhuqphqw ghew1
Zh dvvxph wkdw iruhljq fuhglwruv kdyh vx!flhqw zhdowk wkdw wkh| dfw
hhfwlyho| ulvn0qhxwudo1 Lw lv wkhq vwudljkwiruzdug wr frqvwuxfw dq h{dpsoh
zlwk pxowlsoh htxloleuld1 Iru wkh glvwulexwlrq ri &/z hd v v x p hw k d wz l w k
suredelolw| 4@  	 / & 5 dfc8o/z k h u h8lv vrph frqvwdqw ohvv wkdq 1
Zlwk suredelolw| 4@ / wkhuh lv d yhu| kljk frvw ri ghidxow> lq sduwlfxodu/
&: 1 Wklv jhqhudwhv d shulrg rqh suredelolw| ri ghidxow EKs dv d ixqfwlrq
ri iruhljq rzqhuvkls/ zkhuh  lv mxvw wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri
54&1 Xqghu rxu dvvxpswlrqv/ E f 'f / ￿EKs  f/d q g EKs' 4@  	  iru
Ks 5 d8co
Wklv prgho fdq kdyh dw ohdvw wzr htxloleuld li grphvwlf djhqwv duh vx!0
flhqwo| ulvn dyhuvh1 Iluvw/ wkhuh lv d grphvwlf rzqhuvkls htxloleulxp/ zkhuh
doo ghew lv khog grphvwlfdoo|1 Ks 'flpsolhv wkdw wkh suredelolw| ri ghidxow
 lv }hur/ dqg wkdw jryhuqphqw ghew lv wkhuhiruh d vdih dvvhw1 Vlqfh grphvwlf
fuhglwruv idfh qr wudqvdfwlrq frvwv/ wkh| zloo elg wkh sulfh ri ghew xs wr lwv
uhdo uhwxuq= RW ' 1 Dw wklv sulfh/ grphvwlf fuhglwruv duh lqglhuhqw ehwzhhq
jryhuqphqw ghew dqg wkh rwkhu dvvhw +erwk ri zklfk duh vdih/ rhu wkh vdph
uhwxuq/ dqg wudgh dw wkh vdph sulfh,/ exw ehfdxvh ri wudqvdfwlrq frvwv/ iruhljq
fuhglwruv zloo krog qr ghew dw wklv sulfh1 Khqfh/ KW
s 'f /K W
_' /R W'lv
dozd|v dq htxloleulxp1
Qrz vxssrvh wkdw grphvwlf djhqwv duh vx!flhqwo| ulvn dyhuvh wkdw li R '
bE  4@ c dqg wkh suredelolw| ri ghidxow lv 4@ c wkhq grphvwlf fuhglwruv
zloo ghpdqg K_ERc4@ '(	  8 1 Lq wklv fdvh/ wkhuh lv d vhfrqg/
iruhljq rzqhuvkls htxloleulxp1 Vxssrvh Ks '( >w k h q /K s :8 /v rw k h
suredelolw| ri ghidxow lv 4@ 1 Ulvn0qhxwudo iruhljq fuhglwruv zloo vhw wkh sulfh
ri jryhuqphqw ghew dw wkhlu h{shfwhg uhwxuq rq ghew/ R ' bE4@ 1D ww k l v
sulfh dqg ulvn ri ghidxow/ grphvwlf fuhglwruv zloo zdqw wr krog K_ERc4@ '( 1
Wklv lpsolhv wkdw KW
s '(/K W
_'(lv dovr dq htxloleulxp doorfdwlrq/ zlwk
RW ' bE  4@ 1
Wklv prgho/ lq zklfk wkh glvidyruhg fuhglwruv duh dovr ohvv ulvn dyhuvh/
qhhg qrw eh uhvwulfwhg wr lqwhuqdwlrqdo qdqfldo pdunhwv/ exw pd| dovr eh
uhohydqw zlwklq d frxqwu|/ zkhq d jryhuqphqw kdv pxowlsoh fodvvhv ri grphv0
wlf fuhglwruv1 Lq wkh hduo| |hduv ri wkh Xqlwhg Vwdwhv/ iru h{dpsoh/ rqh ri wkh
prvw lpsruwdqw srolwlfdo ghedwhv frqfhuqhg glvsrvlwlrq ri wkh Dphulfdq Uhy0
roxwlrqdu| Zdu ghew1 Pxfk ri wkh lqlwldo grphvwlf ghew kdg ehhq lvvxhg wr
d eurdg fodvv ri vpdoo fuhglwruv/ lqfoxglqj Uhyroxwlrqdu| Zdu vroglhuv/ sdwul0
rwv/ dqg flwl}hq0iduphuv1 Krzhyhu/ dv wkh zdu surjuhvvhg dqg ghew0vhuylfh
sd|phqwv ehfdph lqfuhdvlqjo| huudwlf dqg xqfhuwdlq/ pdq| vpdoo fuhglwruv
vrog wkh erqgv wkh| khog wr zhdowk| vshfxodwruv/ zkr zhuh ehwwhu srvlwlrqhg
wr ehdu ulvn/ dw vxevwdqwldo glvfrxqwv1 Frqvhtxhqwo|/ zkhq Frqjuhvv ghedwhg
wkh qdwlrqdo ghew lq wkh hduo| 4:<3v/ pdq| eholhyhg wkdw vshfxodwruv zhuh rs0
sruwxqlvwv qrw sduwlfxoduo| frpplwhg wr wkh qdwlrqdo fdxvh> pruhryhu/ wkh|
zhuh ylhzhg dv qhlwkhu d srsxodu qru lpsruwdqw srolwlfdo frqvwlwxhqf|1 Df0
fruglqjo|/ wkhuh zdv vwurqj dqg h{solflw srolwlfdo vxssruw iru uhsxgldwlqj wkh
ghew khog e| vshfxodwruv1 Lq wklv fdvh/ wkh glvwlqfwlrq ehwzhhq idyruhg dqg
glvidyruhg fuhglwruv uhvlghv lq wkh glvwlqfwlrq ehwzhhq d eurdg fodvv ri vpdoo
55fuhglwruv/ zkr zhuh ohvv wrohudqw ri ulvn/ dqg d vpdoo fodvv ri zhdowk| vshfx0
odwruv/ zkr zhuh ehwwhu deoh wr ehdu ulvn1 Dv lw wxuqhg rxw/ lq wklv klvwrulfdo
hslvrgh/ Frqjuhvv ghflghg qrw wr ghidxow/ dqg wkh jryhuqphqw ixoo| uhsdlg doo
ri lwv ghew reoljdwlrqv +Vwdeloh/ 4<<;,1
9 H{whqvlrqv
Rxu prgho ghvfulehv grphvwlf fuhglwruv dv idyruhg1 Hpslulfdoo|/ vrph frxq0
wulhv vhhp dv uhoxfwdqw wr ghidxow rq ghew ghqrplqdwhg lq iruhljq fxuuhqf|
dv rq ghew ghqrplqdwhg lq grphvwlf fxuuhqf|/ hyhq wkrxjk iruhljq0fxuuhqf|0
ghqrplqdwhg ghew lv pruh olnho| wr eh khog e| iruhljqhuv1 Zh frxog h{whqg
rxu prgho wr pdwfk wklv idfw/ zlwkrxw dvvxplqj wkdw jryhuqphqwv duh pruh
frqfhuqhg iru iruhljqhuv* zhoiduh wkdq iru wkdw ri grphvwlf uhvlghqwv1 Eh0
orz/ zh uvw vnhwfk vxfk dq h{whqvlrq/ dqg wkhq dujxh wkdw lq vxfk d prgho/
uhgxfwlrqv lq wudqvdfwlrq frvwv pd| uhgxfh wkh delolw| ri qdwlrqv wr lvvxh
grphvwlf0fxuuhqf|0ghqrplqdwhg ghew1
Lq rughu wr xqghuvwdqg zk| frxqwulhv vhhp pruh zloolqj wr lq dwh dzd| gr0
phvwlfdoo| ghqrplqdwhg ghew wkdq wr uhsxgldwh iruhljq0fxuuhqf|0ghqrplqdwhg
ghew/ lw vhhpv uhdvrqdeoh wr iroorz Froh dqg Nhkrh +4<<9, lq dvvxplqj wkdw
dq h{solflw ylrodwlrq ri d frqwudfwxdo reoljdwlrq +vxfk dv rxwuljkw uhsxgldwlrq
ri ghew, fuhdwhv vrph frvw gxh wr jhqhudol}hg orvv ri uhsxwdwlrq/ lqfoxglqj
uhsxwdwlrq lq rwkhu duhdv/ vxfk dv surwhfwlrq ri iruhljq gluhfw lqyhvwphqw1 Gh0
idxow rq grphvwlf0fxuuhqf|0ghqrplqdwhg ghew qhhg qrw eh rxwuljkw/ exw fdq
eh uhdol}hg wkurxjk lq dwlrq1 Lqyhvwruv lq grphvwlf0fxuuhqf|0ghqrplqdwhg
ghew nqrz wkdw wkh| duh dffhswlqj d ulvn ri lq dwlrq/ vr lq dwlrq grhv qrw
hqwdlo dv juhdw d orvv ri jhqhudol}hg uhsxwdwlrq +dqg/ khqfh/ dv juhdw d frvw,
dv h{soflw uhsxgldwlrq ri ghew1 Wkhq/ d jryhuqphqw pd| eh zloolqj wr xvh
lq dwlrq wr uhgxfh wkh ydoxh ri lwv lqghewhgqhvv zkhuh lw zrxog eh xqzloolqj
wr ghidxow rxwuljkw rq lwv reoljdwlrqv1
Jryhuqphqwv pd| qrqhwkhohvv zlvk wr lvvxh grphvwlf0fxuuhqf|0ghqrplqdwhg
ghew wr vklhog wkhpvhoyhv iurp wkh h{fkdqjh0udwh ulvn dvvrfldwhg zlwk ghew
ghqrplqdwhg lq iruhljq fxuuhqf|1 Frqvlghu wkh iroorzlqj prgho1 Vxssrvh
wkdw wkh grphvwlf frxqwu| grhv qrw ydoxh dq| jrrgv iurp deurdg lq wkh vhf0
r q gs h u l r g 1W k hr q o |u h d v r ql wh { s r u w vl qs h u l r g2lv wr sd| r lwv ghew iurp
shulrg 1 Wkh uhvw ri wkh zruog lv odujh hqrxjk wkdw lw dfwv dv li lw zhuh ulvn
qhxwudo1 Wkh wdvwh lq wkh uhvw ri wkh zruog iru wkh jrrg surgxfhg e| wkh
grphvwlf frxqwu| lv udqgrp/ vr wkdw wkh sulfh lq iruhljq fxuuhqf| dw zklfk
56wkh grphvwlf hfrqrp| fdq h{sruw lwv jrrg lq shulrg 2 lv dovr udqgrp1 Wkh
sulfh ri wkh grphvwlf jrrg lq grphvwlf fxuuhqf| lv dozd|v 1
Li iruhljq wdvwh iru wkh grphvwlf jrrg wxuqv rxw wr eh idyrudeoh lq shulrg
2/ wkhq wkh jrrg zloo kdyh d kljk sulfh lq iruhljq fxuuhqf|/ dqg grphvwlf
fxuuhqf| zloo eh ydoxdeoh1 Li iruhljq wdvwh wxuqv rxw wr eh xqidyrudeoh/ wkhq
wkh jrrg zloo kdyh d orz sulfh lq iruhljq fxuuhqf|/ dqg grphvwlf fxuuhqf|
zloo eh zruwk olwwoh1 Li ghew lv ghqrplqdwhg lq iruhljq fxuuhqf|/ wkhq wkh
dprxqw ri jrrg wkdw wkh frxqwu| kdv wr surgxfh wr sd| r lwv ghew zloo ydu|
zlwk iruhljq wdvwh iru wkh jrrg1 Ulvn wr wkh grphvwlf hfrqrp| lv plqlpl}hg
e| ghqrplqdwlqj wkh ghew lq grphvwlf fxuuhqf|/ vlqfh grphvwlf0fxuuhqf| gh0
qrplqdwlrq lpsolhv wkdw d frqvwdqw dprxqw ri surgxfwlrq iurp wkh grphvwlf
hfrqrp| zloo eh qhhghg wr sd| r wkh ghew wr wkh uhvw ri wkh zruog +qdpho|/
rqh xqlw ri rxwsxw shu xqlw ri ghew,1
Pruhryhu/ iruhljq ex|huv zloo dovr qg sxufkdvlqj grphvwlf0fxuuhqf|0
ghqrplqdwhg ghew suhihudeoh wr sxufkdvlqj ghew ghqrplqdwhg lq wkh fxuuhqf|
ri wkh uhvw ri wkh zruog1 Li wkh ghew lv ghqrplqdwhg lq iruhljq fxuuhqf|/ wkhq lq
wkh vwdwh lq zklfk iruhljqhuv kljko| ydoxh wkh grphvwlf frxqwu|*v h{sruwv/ eh0
fdxvh grphvwlf fxuuhqf| lv uhodwlyho| ydoxdeoh/ iruhljqhuv zloo eh uhsdlg zlwk
rqo| d vpdoo txdqwlw| ri wkrvh h{sruwv1 Lq wkh vwdwh lq zklfk iruhljq wdvwh
iru wkh grphvwlf jrrg lv xqidyrudeoh/ ehfdxvh grphvwlf fxuuhqf| lv uhodwlyho|
zruwkohvv/ iruhljqhuv zloo uhfhlyh d odujh txdqwlw| ri wkh jrrg1 Jlyhq wkdw wkh
uhvw ri wkh zruog lv ulvn qhxwudo/ lw suhihuv wr uhfhlyh d frqvwdqw txdqwlw| ri
wkh grphvwlf jrrg wkdq wr uhfhlyh d txdqwlw| wkdw frydulhv qhjdwlyho| zlwk
lwv wdvwh iru wkh jrrg1 +Wkh lghdo frqwudfw pljkw surylgh iruhljqhuv zlwk dq
dprxqw ri wkh jrrg zklfk frydulhv srvlwlyho| zlwk wkhlu wdvwh iru wkh jrrg/
dqg khqfh wkh sulfh ri wkh jrrg/ exw wklv frqwudfw pljkw eh gl!fxow wr zulwh li
jryhuqphqwv frxog pdqlsxodwh wkh sulfh ri wkh jrrg/ ru li wkh jrrg lv gl!fxow
wr ghvfuleh h{ dqwh1, Lq wkhvh flufxpvwdqfhv/ d jryhuqphqw wkdw frxog fuhg0
leo| frpplw wr uhsd| zrxog suhihu wr lvvxh grphvwlf0fxuuhqf|0ghqrplqdwhg
ghew wkdq iruhljq0fxuuhqf|0ghqrplqdwhg ghew1 Zkhuh fuhglelolw| lv lpshu0
ihfw +dv lq rxu prgho,/ ghqrplqdwlrq lq grphvwlf fxuuhqf| srvhv d wudghr
ehwzhhq surwhfwlrq iurp h{fkdqjh0udwh ulvn dqg d whpswdwlrq wr lq dwh1
Rxu suhylrxv dqdo|vlv vxjjhvwv wkdw li wudqvdfwlrq frvwv lq grphvwlf0
fxuuhqf|0ghqrplqdwhg ghew duh kljk/ iru h{dpsoh/ ehfdxvh frvwv ri fkdqjlqj
fxuuhqf| duh juhdw/ wkhq frxqwulhv zloo eh deoh wr lvvxh grphvwlf0fxuuhqf|0
ghqrplqdwhg ghew1 Krzhyhu/ uhgxfwlrqv lq wudqvdfwlrq frvwv orzhu wkh zhoiduh
dvvrfldwhg zlwk lvvxlqj ghew ghqrplqdwhg lq grphvwlf fxuuhqf|1 Wkh| gr qrw
dowhu wkh zhoiduh dvvrfldwhg zlwk lvvxlqj iruhljq0fxuuhqf|0ghqrplqdwhg ghew1
57Wkxv/ lq wklv vlwxdwlrq/ rxu prgho lpsolhv wkdw uhgxfwlrqv lq wudqvdfwlrq frvwv
frxog ohdg wr d vzlwfk iurp ghqrplqdwlrq ri ghew lq grphvwlf fxuuhqf| wr
ghqrplqdwlrq lq iruhljq fxuuhqf|1
: Frqfoxvlrq
Vwdqgdug dqdo|vlv zrxog vxjjhvw wkdw d uhgxfwlrq ri wudqvdfwlrq frvwv idf0
lqj iruhljq lqyhvwruv vkrxog lpsuryh vryhuhljq ghewruv* whupv ri fuhglw1 Rxu
prgho ghprqvwudwhv/ krzhyhu/ wkdw zkhq d jryhuqphqw fdqqrw vhohfwlyho|
ghidxow rq ghewv wr rqo| vrph ri lwv erqgkroghuv/ dqg zkhq lwv zloolqjqhvv wr
ghidxow ydulhv zlwk wkh glvwulexwlrq ri lwv reoljdwlrqv dprqj ydulrxv fodlpdqwv/
wkhq uhgxfhg wudqvdfwlrq frvwv fdq dfwxdoo| zruvhq wkh jryhuqphqw*v whupv ri
fuhglw dqg vrfldo zhoiduh1 Lq sduwlfxodu/ d uhgxfwlrq lq wudqvdfwlrq frvwv kdv
wzr rssrvlqj hhfwv rq wkh jryhuqphqw*v whupv ri fuhglw1 Rq wkh rqh kdqg/
glvidyruhg fuhglwruv idflqj orzhu wudqvdfwlrq frvwv zloo whqg wr elg xs wkh
sulfh ri jryhuqphqw ghew1 Rq wkh rwkhu kdqg/ ehfdxvh wkh djjuhjdwh dprxqw
ri ghew khog e| glvidyruhg fuhglwruv lqfuhdvhv/ wkh jryhuqphqw*v ghvluh wr gh0
i d x o wz l o oe hk l j k h u 1H{ dqwh/ udwlrqdo fuhglwruv zloo ghpdqg d suhplxp iru
wklv dgglwlrqdo ghidxow ulvn1 Lq wkh frqwh{w zh h{dplqh/ li wkh frvw ri ghidxow
lv vx!flhqwo| orz/ wkh odwwhu hhfw zloo suhgrplqdwh/ dqg wkh sulfh ri jryhuq0
phqw ghew zloo idoo zlwk wkh uhgxfwlrq lq wudqvdfwlrq frvwv1 Rxu h{srvlwlrq
ri wkh prgho xvhg qrplqdo ghew zlwk lq dwlrqdu| ghidxow/ exw wkh dujxphqw
krogv zlwk uhdo ghew dqg rwkhu ghidxow ru uhqhjrwldwlrq phfkdqlvpv dv zhoo1
Lqghhg/ lq d jhqhudol}hg prgho ri uhdo ghew zlwk ghidxow wkurxjk uhsxgldwlrq/
zh vkrz wkdw li glvidyruhg fuhglwruv duh ohvv ulvn dyhuvh wkdq idyruhg fuhglwruv/
wkhuh pd| eh pxowlsoh htxloleuld lq wkh pdunhw iru jryhuqphqw ghew1
Rxu pruh jhqhudo prgho dovr vkrzv wkdw wkh sulfh ri jryhuqphqw ghew
p d |e hq r q p r q r w r q l fl qw k ho h y h or iw u d q v d f w l r qf r v w v 1 H y h ql iz he h o l h y h
wkh wudqvdfwlrq frvwv lq lqwhuqdwlrqdo qdqfldo pdunhwv kdyh ehhq idoolqj iru
vrph wlph/ gxh wr whfkqrorjlfdo dqg srolf| fkdqjhv/ dqg wkdw wkhvh uhgxfhg
frvwv kdyh qrw kxuw vryhuhljq ghewruv/ wkh qrqprqrwrqlflw| uhvxow lpsolhv
wkdw ixuwkhu uhgxfwlrqv lq frvwv qhhg qrw eh vr lqqrfxrxv1
Wkhvh uhvxowv vxjjhvw wkdw vrph dprxqw ri iulfwlrq lq lqwhuqdwlrqdo qdq0
fldo pdunhwv fdq eh jrrg iru vryhuhljq ghewruv1 Lq sduwlfxodu/ wkh| vxjjhvw
d uhdvrq zk| jryhuqphqwv zrxog zdqw wr uhgxfh wkh oltxlglw| ri wkhlu ghew
lqvwuxphqwv ru wr vhjphqw wkh pdunhwv lq zklfk wkh| sodfh wkhlu ghew1 Lq
idfw/ jryhuqphqwv gr lvvxh ghew wkdw lv glhuhqwldoo| wdujhwhg wr grphvwlf ru
58iruhljq fuhglwruv1 Iru lqvwdqfh/ pdq| frxqwulhv lvvxh vdylqjv erqgv zklfk
duh qrqwudqvihudeoh ru gl!fxow wr wudqvihu1 Grphvwlf0fxuuhqf|0ghqrplqdwhg
ghew pd| olnhzlvh eh pruh dwwudfwlyh wr grphvwlf lqyhvwruv wkdq iruhljq rqhv1
Wklv prgho zdv suhvhqwhg lq whupv ri vryhuhljq ghew/ exw wkh dqdo|vlv
pd| kdyh lpsolfdwlrqv iru iruhljq lqyhvwphqw/ ru rwkhu vlwxdwlrqv lq zklfk dq
djhqw kdv vrph frqwuro ryhu dq dvvhw*v ydoxh/ dqg wkh djhqw*v lqfhqwlyhv wr
dhfw wkh dvvhw*v ydoxh ydulhv zlwk wkh lghqwlw| ri wkh fodlpdqwv ri wkdw ydoxh1
Iru lqvwdqfh/ d jryhuqphqw sulydwl}lqj d up pd| odwhu ghvluh wr h{sursuldwh
vrph ri wkh ydoxh ri wkh sulydwl}hg up wkurxjk wd{dwlrq1 Li wkh jryhuqphqw*v
ghvluh wr h{sursuldwh ydoxh ghshqgv rq wkh glvwulexwlrq ri vkduhv dqg wkh
lghqwlw| ri vkduhkroghuv/ wkhq vrph dprxqw ri looltxlglw| lq wklv dvvhw fdq eh
rswlpdo1 Lq sduwlfxodu/ jryhuqphqwv pd| eh whpswhg wr h{sursuldwh wkh ydoxh
ri upv wkdw kdyh d odujh dprxqw ri iruhljq rzqhuvkls1 Wklv prgho vxjjhvwv
d udwlrqdoh iru wkh revhuyhg skhqrphqrq ri glhuhqw fodvvhv ri vkduhv lvvxhg
e| vrph upv= vrph wkdw fdq rqo| eh khog grphvwlfdoo|/ dqg vrph wkdw fdq
eh wudghg lqwhuqdwlrqdoo|1
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